LOCALIZATION FOR SCHRODINGER OPERATORS WITH 
POISSON RANDOM POTENTIAL 

FRANgOIS GERMINET, PETER D. HISLOP, AND ABEL KLEIN 

Abstract. We prove exponential and dynamical localization for the Schroding- 
er operator with a nonnegative Poisson random potential at the bottom of the 
spectrum in any dimension. We also conclude that the eigenvalues in that 
spectral region of localization have finite multiplicity. We prove similar local- 
ization results in a prescribed energy interval at the bottom of the spectrum 
provided the density of the Poisson process is large enough. 
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1. Introduction and main results 

1.1. Background and motivation. Consider an electron moving in an amor- 
phous medium with randomly placed identical impurities, each impurity creating a 
local potential. For a fixed configuration of the impurities, described by the count- 
able set IcM d giving their locations, this motion is described by the Schrddinger 
equation —idtipt = Hxipt with the Hamiltonian 

H x :=-A + Vx on L 2 (M d ), (1.1) 
where the potential is given by 

V x (x):=J2<x-0, (1-2) 
Cex 

with u(x — Q being the single-site potential created by the impurity placed at (. 
Since the impurities are randomly distributed, the configuration X is a random 
countable subset of M. d , and hence it is modeled by a point process on R d . Physical 
considerations usually dictate that the process is homogeneous and ergodic with 
respect to the translations by M d , cf. the discussions in [LiGPI IFF] . The canonical 
point process with the desired properties is the homogeneous Poisson point process 
on W l . 

The Poisson Hamiltonian is the random Schrddinger operator ffx in (jl-ip with 
X a Poisson process on M. d with density g > 0. The potential Vx is then a Pois- 
son random potential. Poisson Hamiltonians may be the most natural random 
Schrddinger operators in the continuum as the distribution of impurities in various 
samples of material is naturally modeled by a Poisson process. A mathematical 
proof of the existence of localization in two or more dimensions has been a long- 
standing open problem (cf. the survey [LMW]). The Poisson Hamiltonian has been 
long known to have Lifshitz tails [DVl ICLl IFF1 iKloll ISzl iKloFl I5tl] . a strong indi- 
cation of localization at the bottom of the spectrum. Up to now localization had 
been shown only in one dimension [Stoj . where it holds at all energies, as expected. 

In this article we prove localization for nonncgative Poisson Hamiltonians at 
the bottom of the spectrum in arbitrary dimension. We obtain both exponential 
(or Anderson) localization and dynamical localization, as well as finite multiplicity 
of eigenvalues. In a companion paper |GHK2] we modify our methods to obtain 
localization at low energies for Poisson Hamiltonians with attractive (nonpositive) 
single-site potentials. 

In the multi-dimensional continuum case localization has been shown in the 
case where the randomness is given by random variables with bounded densities. 
There is a wealth of results concerning localization for Anderson- type Hamiltonians, 
which are Z d -ergodic random Schrddinger operators as in fll.lj) but for which the 
location of the impurities is fixed at the vertices of the lattice Z d (i.e., X = Z d ), 
and the single-site potentials are multiplied by random variables with bounded 
densities, e.g., (HMl ICoHl iKEl iKiSSl IKloll IGK3I I AENSS] . Localization was shown 
for a Z d -ergodic random displacement model where the displacement probability 
distribution has a bounded density Klol]. In contrast, a lot less is known about 
R d -ergodic random Schrddinger operators (random amorphous media). There are 
localization results for a class of Gaussian random potentials |FiLM| [U] ILMW] . 
Localization for Poisson models where the single-site potentials are multiplied by 
random variables with bounded densities has also been studied MS, CoH]. What all 



LOCALIZATION FOR POISSON RANDOM SCHRODINGER OPERATORS 3 

these results have in common is the availability of random variables with densities 
which can be exploited, in an averaging procedure, to produce an a priori Wegner 
estimat e at all scales (e.g., [HMj ICoHl iKtol ICoHMl El iFiLMl ICoHNl ICoHKNl 
ICoHKQ . 

In contrast, for the most natural random Schrodinger operators on the contin- 
uum (cf. [LiGPj Subsection 1.1]), the Poisson Hamiltonian (simplest disordered 
amorphous medium) and the Bernoulli- Anderson Hamiltonian (simplest disordered 
substitutional alloy), until recently there were no localization results in two or more 
dimensions. The latter is an Anderson- type Hamiltonian where the coefficients of 
the single-site potentials are Bernoulli random variables. In both cases the ran- 
dom variables with bounded densities (or at least Holder continuous distributions 
|CKM| ISt2]) are not available. 

Localization for the Bernoulli- Anderson Hamiltonian has been recently proven by 
Bourgain and Kenig |BK] . In this remarkable paper the Wegner estimate is estab- 
lished by a multiscale analysis using "free sites" and a new quantitative version of 
unique continuation which gives a lower bound on eigenfunctions. Since their Weg- 
ner estimate has weak probability estimates and the underlying random variables 
are discrete, they also introduced a new method to prove Anderson localization 
from estimates on the finite-volume resolvents given by a single-energy multiscale 
analysis. The new method does not use spectral averaging as in [CoHllSW] . which 
requires random variables with bounded densities. It is also not an energy-interval 
multiscale analysis as in [DrK( iFrMSS, Kl], which requires better probability esti- 
mates. 

The Bernoulli- Anderson Hamiltonian is the random Schrodinger operator ifx in 
(|1.1[) with X a Bernoulli process on Z d (i.e., X = {j G Z d ;ej = 1} with {£j}j^id 
independent Bernoulli random variables). Since Poisson processes can be approx- 
imated by appropriately defined Bernoulli processes, one might expect to prove 
localization for Poisson Hamiltonians from the Bourgain-Kenig results using this 
approximation. This approach was indeed used by Klopp |Klo3] to study the density 
of states of Poisson Hamiltonians. But localization is a much subtler phenomenon, 
and such an approach turns out to be too naive. 

There are very important differences between the Poisson Hamiltonian and the 
Bernoulli-Anderson Hamiltonian. While for the latter the impurities are placed 
on the fixed configuration Z d , for the former the configuration of the impurities is 
random, being given by a Poisson process on M. d . Moreover, unlike the Bernoulli- 
Poisson Hamiltonian, the Poisson Hamiltonian is not monotonic with respect to 
the randomness. Another difference is that the probability space for the Bernoulli- 
Anderson Hamiltonian is defined by a countable number of independent discrete 
(Bernoulli) random variables, but the probability space of a Poisson process is not 
so simple, leading to measurability questions absent in the case of the Bernoulli- 
Anderson Hamiltonian. These differences arc of particular importance in proving 
localization as Bourgain and Kenig required some detailed knowledge about the 
location of the impurities, as well as information on "free sites" , and relied on 
conditional probabilities. 

To prove localization for Poisson Hamiltonians, we develop a multiscale analysis 
that exploits the probabilistic properties of Poisson point processes to control the 
randomness of the configurations, and at the same time allows the use of the new 
ideas introduced by Bourgain and Kenig. 
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1.2. Main results. In this article the single-site potential u is a nonnegative, 
nonzero L°°-function on M. d with compact support, with 

U-Xa s (o) < u < u + xa s+ (q) for some constants u±,5± e]0,oo[ (1-3) 

where Al(x) denotes the box of side L centered at a; € M. d . 

We need to introduce some notation. For a given set B, we denote by \b its 
characteristic function, by Vq(B) the collection of all countable subsets of B, and 
by #f? its cardinality. Given X £ Vq(B) and A c B, we set ^Ifli and 
iVx(^4) := #Xa- Given a Borel set ^4 c M d , we write |A| for its Lebesgue measure. 
We let A L (x) :— x + {—j, -§) be the box of side L centered at x £ R d . By A we 
will always denote some box Al(%) , with denoting a box of side L. We set 
Xx '■= Xa ± (x), the characteristic function of the box of side 1 centered at x £ M. d . 
We write (x) := y/l + \x\ 2 , T(x) := for some fixed z/ > |. By C a ,b,..., K a ,b,..., 
etc., will always denote some finite constant depending only on a, b, . . .. 

A Poisson process on a Borel set B C M. d with density (or intensity) g > is 
a map X from a probability space (0,P) to Vo(B), such that for each Borel set 
A C B with | A | < oo the random variable A^x(^4) has Poisson distribution with 
mean g\A\, i.e., 

P{iV x (A) = k} = MiiUV^I for jfc = 0,1,2,..., (1.4) 
and the random variables {Nx(Aj)}'j =1 are independent for disjoint Borel subsets 

{•Mr i (e-g., is El). 

The Poisson Hamiltonian _ffx is an R d -ergodic family of random self-adjoint 
operators. It follows from standard results (cf. [KiMi IFF] ) that there exists fixed 
subsets of K so that the spectrum of f/x, as well as the pure point, absolutely 
continuous, and singular continuous components, are equal to these fixed sets with 
probability one. It follows from our assumptions on the single-site potential u that 
ct(.Hx) = [0, +oo[ with probability one [KiMj . 

For Poisson random potentials the density g is a measure of the amount of 
disorder in the medium. Our first result gives localization at fixed disorder at the 
bottom of the spectrum. 

Theorem 1.1. Let i/x be a Poisson Hamiltonian on L 2 (R d ) with density g > 0. 
Then there exist Eq = Eq(q) > and m = m(p) > for which the following 
holds P-a.e.: The operator iJx has pure point spectrum in [0, Eq] with exponentially 
localized eigenf unctions with rate of decay m, i.e., if <f> is an eigenfunction of iJx 
with eigenvalue E £ [0, Eq] we have 

\\Xx<f>\\ <Cx,*e- m W, forallx£R d . (1.5) 

Moreover, there exist r > 1 and s G]0, 1[ such that for all eigenfunctions ip,(f) 
(possibly equal) with the same eigenvalue E £ [0, Eq] we have 

llXxVil HX^II <Cx||T-Vll||r- 1 0||e<»> T e-l ie -''l' J for all x,y £ Z d . (1.6) 

In particular, the eigenvalues of iJx in [0, Eq] have finite multiplicity, and iJx 
exhibits dynamical localization in [0,Eq], that is, for any p > we have 

sup\\(x)Ve-* tH * X[0 , Eo] (H x ) Xo \\ 2 2 < oo. (1.7) 
t 

The next theorem gives localization at high disorder in a fixed interval at the 
bottom of the spectrum. 
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Theorem 1.2. Let Hs_ be a Poisson Hamiltonian on L 2 (R d ) with density g > 0. 
Given Eq > 0, there exist go — Qo(Eo) > and m = m{Eo) > such that the 
conclusions of Theorem ] 1 . 1\ hold in the interval [0, Eq] if g > go ■ 

Theorems 11.11 and 11.21 are proved by a multiscale analysis as in [Bl IBK] , where 
the Wegner estimate, which gives control on the finite volume resolvent, is obtained 
by induction on the scale. In contrast, the usual proof of localization by a multi- 
scale analysis [FYS! IFrMSSl [Sp[ IDrKl IC5H1 iFKl iGTOl iKl] uses an a priori Wegner 
estimate valid for all scales. Exponential localization will then follow from this new 
single-energy multiscale analysis as in |BK1 Section 7] . The decay of eigenfunction 
correlations exhibited in (|1.6|) follows from a detailed analysis of |BKl Section 7] 
given in |GK5] ■ using ideas from |GK4| . Dynamical localization and finite multi- 
plicity of eigenvalues follow from (|1.6p . That (|1.6[) implies dynamical localization is 
rather immediate. The finite multiplicity of the eigenvalues follows by estimating 
\\XxX{E}(H x )\\l\\xyX{E}(Hx)\\l from (HH) and summing over x S Z d . 

Bourgain and Kenig's methods [BKj were developed for the Bernoulli- Anderson 
Hamiltonian. Let £ Z d = {e^}^gz d denote independent identically distributed Ber- 
noulli random variables, = or 1 with equal probability. The Bernoulli- Anderson 
random potential is V(x) = £ C u i x ~ C); an d the Hamiltonian has the form 

(|1.1|) . To see the connection with the Poisson Hamiltonian, let us introduce the 
Bernoulli-Poisson Hamiltonian. We consider a configuration Y 6 VoO& )> and 
let ey — {ej^gy be the corresponding collection of independent identically dis- 
tributed Bernoulli random variables. We define the Bernoulli-Poisson Hamiltonian 
by H(y. Ey ) '■= —A + X^cev £ C U ( X ~ 0- I n this notation, the Bernoulli- Anderson 
Hamiltonian is Hi%d <e d \. If Y is a Poisson process on W 1 with density 2g, then 
X = {( e Y; = 1} is a Poisson process on R d with density g, and it follows 
that £/x = H(y,ey)- Thus the Poisson Hamiltonian Hx. can be rewritten as the 
Bernoulli-Poisson Hamiltonian i?( Y ,e Y )- 

For the Bernoulli- Anderson Hamiltonian the impurities are placed on the fixed 
configuration where for the the Bernoulli-Poisson Hamiltonian the configuration 
of the impurities is random, being given by a Poisson process on M. d . Moreover, the 
probability space for the Bernoulli-Anderson Hamiltonian is quite simple, being 
defined by a countable number of independent discrete (Bernoulli) random vari- 
ables, but the more complicated probability space of a Poisson process leads to 
measurability questions absent in the case of the Bernoulli- Anderson Hamiltonian. 
We incorporate the control of the randomness of the configuration in the multiscale 
analysis, ensuring detailed knowledge about the location of the impurities, as well 
as information on "free sites" . 

In order to control and keep track of the random location of the impurities, and 
also handle the measurability questions that appear for the Poisson process, we 
perform a finite volume reduction in each scale as part of the multiscale analysis, 
which estimates the probabilities of good boxes. We exploit properties of Poisson 
processes to construct, inside a box A^, a scale dependent class of A £- acceptable 
configurations of high probability for the Poisson process Y (Definition 13.41 and 
Lemma 13. 5p . We introduce an equivalence relation for A^-acceptable configura- 
tions and, showing that we can move an impurity a little bit without spoiling the 
goodness of boxes fLemma l3.3j) . we conclude that goodness of boxes is a property of 
equivalence classes of acceptable configurations (Lemma I3.6j) . Basic configurations 
and events in a given box are introduced in terms of these equivalence classes of 
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acceptable configurations, and the multiscale analysis is performed for basic events. 
Thus we will have a new step in the multiscale analysis: basic configurations and 
events in a given box will have to be rewritten in terms of basic configurations and 
events in a bigger box (Lemma 13. 13|) . The Wegner estimate at scale L is proved in 
Lemma \h. 101 using BK, Lemma 5.1']. 

Theorems 11.11 and 11.21 were announced in |GHKlj . Random Schrodinger opera- 
tors with an attractive Poisson random potential, i.e., Hx. = —A — Vx. with Vx a 
Poisson random potential as in this paper, so a(Hx) = K with probability one, are 
studied in GHK2J, where we modify the methods of this paper to prove localization 
at low energies. 

This paper is organized as follows. In Section[2]we describe the construction of a 
Poisson process X from a marked Poisson process (Y, £y)> and review some useful 
deviation estimates for Poisson random variables. Section [3] is devoted to finite 
volume considerations and the control of Poisson configurations: We introduce finite 
volume operators, perform the finite volume reduction, study the effect of changing 
scales, and introduce localizing events. In Section[4]we prove a priori finite volume 
estimates that give the starting hypothesis for the multiscale analysis. Section [5] 
contains the multiscale analysis for Poisson Hamiltonians. Finally, the proofs of 
Theorems 11.11 and 11.21 are completed in Section O 

2. Preliminaries 

2.1. Marked Poisson process. We may assume that a Poisson process X on K rf 
with density g is constructed from a marked Poisson process as follows: Consider a 
Poisson process Y on M. d with density 2g, and to each ( £ Y associate a Bernoulli 
random variable £f, either or 1 with equal probability, with £y = {^ciceY 
independent random variables. Then (Y,e Y ) is a Poisson process with density 
2p on the product space M. d x {0,1}, the marked Poisson process; its underlying 
probability space will still be denoted by (fl,P). (We use the notation (Y, ey) '■= 
{(C, e c ); ( ^Y} £ V {R d x {0, 1}). A Poisson process on R d x {0, 1} with density 
fi > is a map Z from a probability space to Vq (M. d x {0, 1}) , such that for each Borel 
set A C R d x {0, 1} with \A\ := ±{\{x £ R d ; (x, 0) £ A}\ + \{x £ R d : (x, 1) £ A}\) < 

00, the random variable N^{A) has Poisson distribution with mean fi\A\, and the 
random variables {N^(Aj)}^ =1 are independent for disjoint Borel subsets {A,}™ =1 . 
Define maps X, X' : V (R d x {0, 1}) -> V (R d ) by 

X(Z) := {( G M d ; (C, 1) G Z}, X'(Z) := {C G R d ; (C, 0) G Z], (2.1) 

for all Z £ V (R d x {0, 1}). Then the maps X, X': D, -> V (R d ), given by 

X := X(Y, £Y ), X' := X'(Y, e Y ), (2.2) 

1. e., X(cj) = X(Y(oj),£y^(u))), X'(w) = X' (Y(w),e Y ( w )(w)), are Poisson pro- 
cesses on M. d with density g. (See [Kj Section 5.2], [RJ Example 2.4.2].) In particu- 
lar, note that 

N X (A) + iV X ' (A) = N Y (A) for all Borel sets A C R d . (2.3) 

If X is a Poisson process on R d with density g, then X^ is a Poisson process 
on A with density g for each Borel set A C R d , with {X^}" =1 being independent 
Poisson processes for disjoint Borel subsets {A J }™ =1 . Similar considerations apply 
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to X' and to the marked Poisson process (Y, ey), with Xa, X^, Ya, £y a satisfying 



2.2. Poisson random variables. For a Poisson random variable N with mean /j, 
we have (e.g., i|\ Eq. (1.12)]) 

P{N> fc} = f dX f \. e~ x , for fc = 1,2,..., (2.4) 
Jo \k ~ 1)' 

and hence also 

poo X fc -1 

F{N<k}= dA- -e- A , for k = 1,2,.... (2.5) 



(fc-1) 



From (|2.4p we get useful upper and lower bounds: 

^-e-^ 1 <¥{N >k} < for k = 1,2,.... (2.6) 

fc! fc! 

When fc > e/x > 1, we can use a lower bound from Stirling's formula [Roj to get 

P{Ar>fc}<^L=(^) fe . (2.7) 
V27rfc V k J 

In particular, if e^i > 1 and a > e 2 we get the large deviation estimate 

P{N > an) < e- af *. (2.8) 

From (|2.5|) we get 

P{iV < fc} < C k e-%, with C fe = / dA 7- -rye"^ for k = 1, 2, . . .. (2.9) 

■/o ( fc -!) ! 

3. Finite volume and Poisson configurations 

From now on f/x will always denote a Poisson Hamiltonian on L 2 (M d ) with 
density g > 0, as in (|l.ip - (|1.3p . We recall that (f2, P) is the underlying probability 
space on which the Poisson processes X and X', with density g, and Y, with density 
2g, are defined, as well as the Bernoulli random variables ey, and we have (|2.2|) . 
All events will be defined with respect to this probability space. We will use the 
notation U for disjoint unions: C — A U B means C — A U B with A D B = 0. 

Given two disjoint configurations X, Y 6 Va(M. d ) and ty — {t^}^ eY € [0, 1] Y , we 

set 

H x ,(Y,t Y ) ■=-^ + V x ,(Y,ty), where V x ,(Y,t Y ){x) ■= V x (x) + ^ t^u(x - Q. (3.1) 

ieY 

In particular, given ey € {0, 1} Y we have, recalling (|2.1[) . that 

Hx,(Y,e Y ) — H X uX(Y,e Y )- (3-2) 

We also write H^ Y .t Y ) '■= H^^ Y ,t Y ) an d 

#u; := #X(w) = #(Y(w),e Y (u,) (">))• ( 3 ' 3 ) 
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3.1. Finite volume operators. Finite volume operators are defined as follows: 
Given a box A = Al(x) in M. d and a configuration X E Vo(M. ), we set 

H X , A :=-A A + V X ,A on L 2 (A), (3.4) 

where Aa is the Laplacian on A with Dirichlet boundary condition, and 

Vxa := XaVx a with V Xa as in (3.5) 

The finite volume resolvent is Rx.a(z) := {Hx.A — 

We have Aa = Va • Va, where Va is the gradient with Dirichlet boundary 
condition. We sometimes identify L 2 (A) with XA^ 2 (R d ) and, when necessary, will 
use subscripts A and R d to distinguish between the norms and inner products of 
L 2 (A) and L 2 (R d ). Note that in general we do not have Vx,a = XaVx,a> for A C A', 
where A' may be a finite box or M. d . But we always have 

XaVx.a = X^Vx.A', (3.6) 

where 

A = Al(x) := Al-$ + (x) with 8+ as in (JOJ), (3.7) 

which suffices for the multiscale analysis. 

The multiscale analysis estimates probabilities of desired properties of finite vol- 
ume resolvents at energies E E R. (By LP we mean L p±s for some small S > 0, 
fixed independently of the scale.) 

Definition 3.1. Consider an energy E € M, a rate of decay m > 0, and a config- 
uration X E Vq(M. ). A box Al is said to be (X, E,m)-good if 

\\Rx,aJM\ <e L " (3.8) 

and 

\\XzRx,AMXv\\<e- m] *- yl , for all x,y E A L with \x-y\>± (3.9) 

The box Al is (w, E, m)-good if it is (X(w), E, m)-good. 

Note that |BK[ Lemma 2.14] requires condition (|3.9[) as stated above for its 
proof. 

But goodness of boxes does not suffice for the induction step in the multiscale 
analysis given in [B , BKJ , which also needs an adequate supply of free sites to obtain 
a Wegner estimate at each scale. Given two disjoint configurations X,Y E Vq(M. ) 
and ty = {^cl^gy ^ [0j1] Y j we recall (|3.ip and define the corresponding finite 
volume operators H Xt (Y,t Y ),A as in (|3 .4[) and (|3.5[) using Aa, Y\ and iy A , i.e., 

Hx,(Y,t Y ),A ■= -Aa + V x ,(Y,t Y ),A, where V x ,(Y,t Y ),A ■= XA.Vx A ,(XA,tY A )> (3-10) 

with Rx,(Y,t Y ),A( z ) being the corresponding finite volume resolvent. 

Definition 3.2. Consider an energy E E R, a rate of decay m > 0, and two 
configurations X, Y E Vo(R d ). A box A L is said to be (A, Y, E, m)-good ifXC\Y = 
and we have (|3.8p and (|3.9p with Rx l (Y,t Y ),A L {^) f or a ^ € [0, 1) Y ■ In this 
case Y consists of (X,E)-free sites for the box A^. (In particular, the box A^ is 
(A U X(Y, e Y ), E, m)-good for all e Y € {0, 1} Y '.) 
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3.2. Finite volume reduction of Poisson configurations. The multiscale anal- 
ysis will require some detailed knowledge about the location of the impurities, that 
is, about the Poisson process configuration, as well as information on "free sites" . 
To do so and also handle the measurability questions that appear for the Poisson 
process we will perform a finite volume reduction as part of the multiscale analy- 
sis. The key is that we can move a Poisson point a little bit without spoiling the 
goodness of boxes, using the following lemma. 

Lemma 3.3. Let A be a box in R d , < W £ Lj oc (A), 0<i»£ L°°(A) with compact 
support. Given ( £ A^) = {C £ A; suppw(--C) C A} ; let H ( = -A A +W+w(—Q 
on L 2 (A), with Rq(z) = (H^ — its resolvent. 

(i) Suppose that for some C £ A {w \ E > 0, and 7 > 1 we have \\R ( (E)\\ < 7, and 
let 

< V < mm j (aVi + E HL 7)^ > 4} • ( 3 - n ) 
Then for all C € A^ with \(' - CI < V we have 

\\R c (E)\\<e^ (3.12) 

and 

\\ Xx Rc(E)Xy\\<\\x,Rd E )Xv\\+Vv% forallx,yeA. (3.13) 

(ii) Suppose that for some ( e A ( - w '> , E > 0, and (3 > 2 we have dist(E,o-(H^)) < 
ft' 1 , i.e., \\Rc_{E)\\ > 13, and let r\ be as in p. lip with (3 substituted for 7. Then 
for all C £ A^ with \g - C| < V we have 

\\R c (E)\\>e-^f3, i.e., dist(£, a(H c )) < e^/T 1 . (3.14) 

Proof. We set R = R ( (E), R' = R C (E), u = w(--Q, v>' = w(--('), and £_ = ('-( 
with |£| < rj. We let U(a) denote translation by a in L 2 (R d ): (U(a)ip)(x) = tp(x-a), 
and pick £ C^°(A) such that < <fi < 1 and <fi = 1 in some open subset of A 
which contains the supports of u and u' . It follows from the resolvent identity that 

||#|| A - \\R\\a < \\R'{W - u)R\\ K = \\ X kR'4>{u' - u)<j>R X A\\ md 

= \\xaR'4>(U(0uU(0* - «)^Xa|Ib* (3-15) 

< \\xaR'4>(u(0 - i)uU(t)*4>R XA \\ Ri + \\ X aR'Mu(0* - i^xaIIr- 

< n(\\uV<pR'xA\\ R d \\(/)RXA\\ m a + ||0i?'xA|| K d \\uW(j)RxA\\ R d) 

= v (\\uV A <j>R'\\ A \\4>R\\ A + HR'Wa IIuVa^IU) 

< 1 ll«ll«x, (IIVa-R'IIa 1I-«IIa + II-R'IIa IIVaHHa) 

< 2Vl + £|M| co 7 7 max{||i?|| A , l}max{||i?'|| A , 1}, 
where we used 

||Va-R B ||a < ||i? J || A + £||i? J || A < (l + £T)max{||i? J || A ,l} for R* = R,R'. (3.16) 

To prove part (i), if ||i?|| A < 7 with 7 > 1, it follows from (|3~l3)l and (j3~TTj) that 

\\R'\\a - \\R\\a < \\R'(u! - u)R\\ A < ^mzx{\\R'\\ A , 1}. (3.17) 

To prove (|3.12[) . we may assume that |!-R'||a > 1, since otherwise the result is 
trivial. The estimate (|3 . 1 2[) now follows immediately from (|3.17p and (|3 . 1 1 [> . Using 

the resolvent identity, (|3~T7]) . (|3T2| . and ±e2 < 1 we get (JSH3J)- 
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Part (ii) follows from part (i) as follows. Let (3 > 2 and suppose (13.14|) does not 
hold, i.e., ||i?'|| A < e~^/3. Since e~^(3 > e~^2 > 1, we may apply (pjT2| to get a 
contradiction to \\R\\ A > (3, namely \\R\\ A < (e~^0) = (3. □ 



Lemma I3.3l lets us move one Poisson point a little bit, namely by rj, and maintain 
good bounds on the resolvent. Since we will want to preserve the "goodness" of the 
box A = Al, we will use Lemma I3~3l with 7 = e L (as in (|3.8[) ). and take r\ <C cT L . 

To fix ideas we set r\ = e~ L .To move all Poisson points in we will need to 
control the number of Poisson points in the box. Moreover, we will have to know 
the location of these Poisson points with good precision. That this can be done at 
very little cost in probability is the subject of the next lemma. 

Definition 3.4. Let t)l := e~ L ° for L > 0. Given a box A = Al{x), set 

Ja := {jex + r lL Z d - A nL (j) C A}. (3.18) 

A configuration X £ Vo(^ ) is said to be A-acceptable if 

N X (A) < 16gL d , (3.19) 

N x (A Vl (j))<1, for all j G J A , (3.20) 

and 

N X (A\ U jeu A riLil _ VL) (j)) = 0; (3.21) 
it is A-acceptable' if it satisfies (|3.19|) . (|3.20|) . and the less restrictive 

N x (A\U jeU A riL (j)) = 0. (3.22) 

We set 

Si 0) : = {X E "Po(K d ); X is A-acceptable}, (3.23) 

Qf ] : = {Xe V {R d ); X is A-acceptable'}, (3.24) 
and consider the event (recall that Y is the Poisson process with density 2g) 

< } := {Y € Qf>}. (3.25) 

Note that nf } C {X e Q { ° } } in view of (g3J and Q^ 0) C Q^°' ) . We require 
condition (|3.21[) for acceptable configurations to avoid ambiguities when changing 
scales (cf. Lemma I3.13P , but we will then need Lemma 13.61 for acceptable ' config- 
urations. 

We now impose a condition on g and L that will be always satisfied when we do 
the multiscale analysis: 

L-(°+) <g<e L \ (3.26) 

From now on we assume (|3 . 26|) . 

Lemma 3.5. There exists a scale L = L(d) < 00, such that if L > L we have 

P{^} > l-e" id ". (3.27) 
Proof. Using flUJ) and QHfy we get 

F{0^} > 1 - e- 16sLd - AdgiL- 1 - 1 + L d )n L - 2g 2 L d n d , (3.28) 
and hence (|3.27p follows for large L using (|3.26[) . □ 
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Lemma [33] tells us that inside the box A, outside an event of negligible probabil- 
ity in the multiscale analysis, we only need to consider A-acceptable configurations 
of the Poisson process Y. 

Given a box A = Al (x) , we define an equivalence relation for configurations by 

X~Z^N x {A r}L (j))=N z {A nL {j)) for all j e Jf A - (3-29) 

This induces an equivalence relation in both Q A and Q\°^] the equivalence class 
of X in Qf ] will be denoted by [X]' A . If X € Q A °\ then [X] A = [X]' A n is its 
equivalence class in <2 A °^. Note that [X] A = [Aa] a - We also write 

[A] A := |J [A] A for subsets AcSf. (3.30) 

The following lemma is an immediate consequence of Lemma I3.3f i) ; it tells us 
that "goodness" of boxes is a property of equivalence classes of acceptable ' config- 
urations: changing configurations inside an equivalence class takes good boxes into 
just-as-good (jgood) boxes. 

Lemma 3.6. Fix Eq > and consider an energy E € [0, Eq\. Suppose the box 
A = Al (with L large) is (X, E^m)- good for some X G Qa ■ Then for all Z G [X]' A 
the box A is (Z, E,m)-jgood (for just-as-good), that is, 

\\RzAE)\\ <e L "+"* ~e L " (3.31) 

and 

\\XxRzA E )Xy\\ <e- m l^l+77| ~ e - m \ x -y\, for x,y £ A with \x-y\> 

(3.32) 

Moreover, if X,Z,X U Z G Qa'^ ^ e ^ 0:r ^ *s {X, Z, E,m)-good, then for 
all X\ G [A] A and Zi G [Z] A we Ziaue Ai U Z\ G [A U Z] A , and the box A is 
(Ai, Z\, E,m)-jgood as in (|3.31[) and (|3.32[) . 

Proof. Lemma l3~37 i) gives 

||i?x',A(^)|| <e L "+ 16eid v^r ; (3.33) 

and, for all x, y £ A with |a? — J/| > y^, 

\\x x Rx',A(E)Xy\\ < e- m l*-*l + 16 e L d 0^e L "+ 16 ^ <i v^r. (3.34) 

Using (|3~26l) . we get (|33T|) and (j3~32]) for large L. 

The remaining statement is immediate. □ 

Remark 3.7. Proceeding as in Lemma \3.6\ we find that changing configurations 
inside an equivalence class takes jgood boxes into what we may call just-as-just-as- 
good (jjgood) boxes, and so on. Since we will only carry this procedure a bounded 
number of times, the bound independent of the scale, we will simply call them all 
jgood boxes. 

Similarly, we get the following consequence of Lemma I3.3f ii) . 
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Lemma 3.8. Fix Eq > and consider an energy E G [0, Eq] and a box A = Al 
(with L large). Suppose dist(E, a(Hx, A )) < T£ for some X G Q A ?> where y/rjZ <C 
< |. XTien 

dist(S,<r(i/y, A )) < ei*T L , for all Y G [X]' A . (3.35) 
In view of ([3719]) - ([3720]> we have 
Qi 0) /~ = {[J]A; Je Ja}, where Ja := { J C Ja; #J < 16pL d }, (3.36) 
and we can write Q A ^ and as 

Qi 0) = U [ J ]a and n f = U i Y e [ J 1aI- (3-37) 

3.3. Basic events. The multiscale analysis will require "free sites" and sub-events 
of {Y G [J]a}. 

Definition 3.9. Given A = Al{x), a A-bconfset (basic configuration set) is a subset 
of Q A of the form 

Ca,b,s-= U [BUX(S,e s )] A = [J [BUS'] A , (3.38) 

es£{0,l} s S'CS 

where we always implicitly assume BUSe J A . C a ,b,s is a A-dense bconfset if S 
satisfies the density condition ( cf. (13. 7|) ) 

#(S"n Aii-) > L d -, for all boxes A L i- C A L . (3.39) 

We also set 

Ck,b ■= C ABM = [B] A . (3.40) 

Definition 3.10. Given A — Al(x), a A-bevent (basic event) is a subset of£l A of 
the form 

C A ,b,b>,s ■= {Y G [BUB 1 U S] A } n {X G C AB ,s} n {X' G C A>B ',s}, (3.41) 
where we always implicitly assume B U B' U S G J A . In other words, the A-bevent 
Ca,b.B',s consists of all uj G fl A satisfying 

%)(V(J')) = 1 H J£B, 

iV YM (A^(j)) = l j G S, [6AZ) 

%)(V(j)) = o jeI A \(BuB'us). 

C A ,b.B' ,s i s a A-dense bevent if S satisfies the density condition (|3 . 39[) . In addition, 
we set 

C A ,b,b' ■= C Ai b,b',$ = {X <= Ca,b} n {X' G C A b'}- (3.43) 

The number of possible bconfsets and bevents in a given box is always finite. 
We always have 

C A ,b,b>,s C {X G C A ,s,s} n <\ (3.44) 
C Ai b,b>,s C C A>$ABUB , US = { Y G [BUB' U S] A }. (3.45) 
Note also that it follows from ([3T25]) . (pOB]) and (|3~i5)) that 

< } = [J C A>B , B , (3.46) 

{(B,B');BUB'eJ A } 
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Moreover, for each Si C S we have 

Ca,b,s = |_J C A]BuS2 ^ s \ Sl , (3.47) 

S 2 CSi 

C\,B,B',S = \_\ Ca,BuS 2 ,B'U(Si\S 2 ),S\S 1 - (3.48) 
S 2 CSi 

In view of Lemma l3.6[ we make the following definition. 

Definition 3.11. Consider an energy £ 6 I, m > 0, and a box A = Al(x). The 
A-bevent Ca.b,B'.s and the A-bconfset Ca.b,s are (A, E,m)-good if the box A is 
(B, S, E,m)-good. (Note that A is then (ui, E, m)-jgood for every uj £ Ca,b,B',S-) 
Those (A, E,m)-good bevents and bconfsets that are also A-dense will be called 
(A, E, m)- adapted. 

3.4. Changing scales. Since the finite volume reduction is scale dependent, it 
introduces new considerations in the multiscale analysis for Poisson Hamiltonians. 
Given Ai C A, the multiscale analysis will require us to redraw A^-bevents and 
bconfsets in terms of (A, Ai )-bevents and bconfsets as follows. 

Definition 3.12. Given A(CA, a configuration J £ J A is called Ag- compatible if 

JDA e £j£':= □ JaCA)c.7a, (3.49) 
AeJ A( 

where 

S A {A) := {Jc J A n A t ; J £ [A] Ae } for AcJ A( . (3.50) 

If B Li S is Ai- compatible, the A-bconfset Ca.b.s *s also called Ag- compatible, and 
we define the (A, Ag)-bconfset 

Ca'b,s ■= i x e V {M. d ); X Ae £ C A , B nA„snAj C Q { A \ (3.51) 

// B U B' U S is Ag- compatible, the A-bevent C a _b,B',s is also called Ag- compatible, 
and we define the (A, Ag)-bevent 

Cab b> s e K B u s' u S) n A ( ] A } n {x A , e c£ fl s } n {x^ e C^ B , s }. 

(3.52) 

Moreover, we say that a Ag-compatible A-bconfset C a .b,s or a A-bevent C a ,b.B',s 
is (A, Ai)-dense if SnAi satisfies the density condition (I3.39P in At; (A, Ae,E,m)- 
jgood if the box Ai is (B, S, E, m)-jgood; (A, Ag, E, m)-adapted if both (A, Ag)-dense 
and (A, , E, m)-jgood. (Note that whenever we define a property of a A-bconfset 
or bevent on a subbox Ai C A we will always implicitly assume A^-compatibility.) 

Lemma 3.13. Let Ae C A. Then for all Ae-bconfsets Ca ( ,b,s and Ag-bevents 
CA t ,B,B',s we have 

C Ae ,B,snQ^C |J Cfc BliSl , (3.53) 

B 1 e3A(B),S 1 €3 A (S) 

CA^,B', S nQi 0) C □ C^ BiB , Si . (3.54) 

-Biej A (-B),s;ej A (B'),5 , ieJA(s) 

Moreover, if C Ai ^b,s or Cai.b,B'.s is Ag- dense, or (Ag, E,m)-jgood, or (Ag,E,m)- 
adapted, then then each C A l Bi Si or C A e Bi B , Si is (A, A^) -dense, or (A, Ag, E, m)- 
jgood, or (A, Ai, E,rn)- adapted. 
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Proof. If CA e . B ,s is a A^-bconfset, then {C^ Bi Si } Bl ^ A (B),S 1 ei A (S)Jorm a collec- 
tion of (not necessarily disjoint) (A, A<>)-bconfsets, and we have (|3.53j) . The same 
argument yields (|3.54l) . but now the (A, A|)-bevents are disjoint. (There are no 
ambiguities since r\L <§C y/rfe and we have condition (|3.21[) at both scales.) The rest 
follows, using also Lemma 1331 □ 

3.5. Localizing events. 

Definition 3.14. Consider an energy E € R, a rate of decay m > 0, and a box 
A. We call fl\ a (A, E,m) -localized event if there exist disjoint (A, E,m)- adapted 
bevents {CA,Bi,B',S;}i=i,2,...j such that 

i 

= |_| C^Bi.B'^Si- (3.55) 
i=l 

If J7a is a (A, E , m) -localized event, note that Q,\ C Q A by its definition, and 
hence, recalling (|3.48|) and (|3.43[) , we can rewrite S7a in the form 

J 

Oa = |_J Ca,Aj,aj, (3.56) 
i=i 

where the {CA,A j .A'.}j=i,2,...,j are disjoint (A, E, m)-good bevents. 

We will need (A, E, m)-localized events of scale appropriate probability. 

Definition 3.15. Fix p > 0. Given an energy £el and a rate of decay m > 0, 
a scale L is (E, m) -localizing if for some box A = A^ (and hence for all) we have a 
(A, E,m) -localized event 51a such that 

P{Ov} > 1 - L- p . (3.57) 

In Section [S] we will also need "just localizing" events and scales. 

Definition 3.16. Consider an energy E S R, a rate of decay m > 0, and a box A. 
We call D,a a (A, E, m)-jlocalized event if there exist disjoint (A, E, m)-good bevents 
W\a . r ! , \.i / such that 

J 

n A = L|C AiAjiAJ . (3.58) 
i=i 

^4 scale L is (E,m)-jlocalizing if for some box A = A^ (and hence for all) we have 
a (A, E , m) -jlocalized event J7a such that 

P{n A } > 1 - L- p . (3.59) 

An (E, m)-localizing scale L is (E, rn)-jlocalizing in view of (|3.56p . 

4. "A PRIORI" FINITE VOLUME ESTIMATES 

Given an energy E, to start the multiscale analysis we will need, as in [Bj [BKJ , 
an a priori estimate on the probability that a box A^, is good with an adequate 
supply of free sites, for some sufficiently large scale L. The multiscale analysis will 
then show that such a probabilistic estimate also holds at all large scales. 
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4.1. Fixed disorder. 

Proposition 4.1. Let Hx be a Poisson Hamiltonian on L 2 (R d ) with density g > 0, 
and fix p > 0. Then there exist a constant C u > and a scale Lq = Lo(d,u, g,p) < 
oo, such that for all scales L > Lq we have (|3.26|) . and, setting 

5 L = l + ((p+d+l)Q- 1 \ogL)*, E L = C u 5 L - 2{d+l \ and m L = \y/jsl t (4.1) 

the scale L is {E, mjf) -localizing for all energies E £ [0, Ejf\. 

The proof will be based on the following lemma. 

Lemma 4.2. Let Hx be a Hamiltonian as in () 1 . 1 )) .3[) . Given 6q > and 
L > S a + S + , let A = A^(x) and set 

J := {j e x + S Q Z d n A; A Sl (J) C A)}, J e := J n (x + 2S Z d ). (4.2) 

TTien there exist constants C u > and <5„ > <5 7 such that if Sq > 5 U , then for all 

X, Y £ Vo(R d ) and t Y G [0, l] Y , such that X (~]Y — 9 and 

N x (A So (j))>l for all j G J e) (4.3) 

we have 

H x ^ tY)A >2C u S - 2{d+1} on L 2 (A). (4.4) 
Setting Eq = C U S 2 ( d+1 ) ; a follows that for all E € [0, So] we get 

\\Rx,(Y,ty),A( E )\\ < E o' (4-5) 

and 

\\XyRx,{Y,ty)A E )Xy'\\ < 2Ec 1 e-^\y-y'\, for y, y' e A uritA \y - y'\ > A^d. 

(4.6) 

Proof. Given conhgurations X and Y such that X n V = and X satisfies (|4.3[) , we 
pick Cj G ATa Jo ( j ) for each j S J e , and set Xi := {Q, j S J e }, X2 = (X \ Xi) U Y. 
We claim that for all tx 2 we have 

Hx u (x 2 ,t X2 ),A > H Xl ,A > 2C„5 - 2(d+1) onL 2 (A), (4.7) 

where C„ > 0. Although the first inequality is obvious, the second is not, since 

\{V Xl ^0}\< L d 5 d + 5 d < L d if 5 > S+. (4.8) 

To overcome this lack of a strictly positive bound from below for V Xl on A, we use 
the averaging procedure introduced in [BKj . Requiring Sq > S-, we have 

VxiM := 7&Hd I daV Xl {y-a)>c u 5 a - d X A{y) with c u > 0, (4.9) 

by the definition of X\ plus the lower bound in (|1.3|) . and hence 

H Xl ,A ~ -A A + xaVxi > CuS Q - d on L 2 (A). (4.10) 
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Thus, if (p € C£°(A) with \\ip\\ — 1, we have 



> 



Cu5 - d + (<p,(V Xl -V Xl )<p) Mi (4.11) 



> c u 5o d + (y, Vxx^Rd - / da(<p(- + a), + a)) 



^ c ^o d -j^TTH I da\{ip,V Xl f) -((p(- + a),V Xl ip(- + a ))\ 



A 6 i (0) 



> c u (5 d - ||Va<^|| a > c„(5 d - c' u 5 (tp,H Xu A<P)X, 
where we used 

\\<p(- + <0 - vIIr- = ||(e a - V - < |a| l|V^|| R d = M ||V A ^|| A • (4.12) 
It follows that there is S u > S- , such that for So > S u we have 

(^lfx 1) A^) A >c^o- 2(<1+1) ! (4.13) 

and hence we get (|4.7|) . which implies (|4.4|) . 

If we now set E — C u 5^ 2tyd+1 \ then for all E £ [0, E ] we get (|4.5[) immediately 
from (|4.4[) . and (|4.6[) follows from (|4.4[) by the Combes-Thomas estimate (we use 
the precise estimate in [GK21 Eq. (19)]). □ 

Proof of Proposition ^. 1\ Given g > 0, p > 0, let C u and <5 U be the constant from 
Lemma [4.2[ and for scales L > 1 let Sl,El, and wil be as in (|4.ip . Given a box 
A = Al(x), let J, J e be as in Lemma l4~2l with So — Sl, and set A^ e ^ = lL e j e Aj L (.?)■ 
We require 

g < (p+d+l)S~ d logL, which implies S L > l+S u , and L > S L + S + . (4.14) 
We let J a denote the collection of all (B.B' .S) e J a such that 

BUB'uS&Ja, BUB'cA {e \ SnA( £ >=8; (4.15) 
^s(A^(i))>l for all j € J e ; (4.16) 
N s (A Sl U)) > 1 fora11 JGJ\J e . (4.17) 

If (B,B',S) E Ja, it is a consequence of (I4.17P that the density condition (|3.39D 
holds for S 1 in A if 

g > c p , d L- (0+) , where c p , d > 0, (4.18) 

and then it follows from (|4.16p and Lemma 14.21 that Ca.b.b',s is a (A, E, mi)- 
adapted bevent for all £7 € [0, Sl] if we also have 

Q > Cp ldiU L~^, where c p ^. u > 0. (4.19) 

Moreover, if (B l ,B' t ,S l ) £ J A , i = 1,2, and (B 1 ,B' l ,Si) ^ {B 2 ,B' 2 ,S 2 ), then 
Ca.BlBJ.Si nCA,B 2) Bi,s 2 = 0- We conclude that 

^a= [J C A) b,b',s (4-20) 

(B,B',S)£J A 

is a (A, m L )-localizing event E £ [0, £ L ] if P~T4"|) . (|4TT5|) and (l4~E)]) are satisfied, 
which can be assured by requiring that L > Li(d,u, g,p). 
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To establish (|337]) . let S' L := S L - 1 = ((p + d + logi)^, and consider the 

event 

ttf :={iV x (A^(i)) > 1 for all j € J}. (4.21) 

Clearly 

F{^A } } > 1 - (jzY c ~ 0(S ' L)d > 1 - L-*- 1 . (4.22) 
Since <5x — S' L = 1 > ?/x, wc must have 

n A t] n n^ 0) c n A , (4.23) 

and hence (|3.57[) follows from (|4.22[) and (|3.27[) for i > L (d,u, g,p) satisfying 
(l3~26)) . □ 

4.2. Fixed interval at the bottom of the spectrum and high disorder. 

Proposition 14.11 can also be formulated for a fixed interval at the bottom of the 
spectrum and high disorder. 

Proposition 4.3. Let be a Poisson Hamiltonian on L 2 (R d ) with density g > 0, 
and fix p > 0. Given E$ > 0, there exist a constant Cd. u ,p,E Q > an d a scale 
Lq = Lo(d, u, Eq,p) < co, such that if L > Lq and g > Cd. u ,p.E log!/ satisfy (|3.26p . 
setting m — ^\/E~q, the scale L is (E ,m) -localizing for all energies E £ [0, Eq]. 

Proof. Given E Q > and p > 0, let K Q = mm{k G N; k > 2uZ 1 E }, A = Ax, (a;), 
fix S a = and let J,J e ,A^ be as in Proposition 14.11 (with S instead of 5l). 

Given X, Y £ V (M d ) and t Y € [0, l] y , such that X n Y = and 

iVx(A 5o (j)) >*sT for all j € J e , (4.24) 

we have 

#x,(Y,tv),A > 2 ^o on L 2 (A), (4.25) 
and (|4.5p and (I4.6[) follows as in Lemma |4~2"1 

To prove (|4.25p . fix X\ C A such that has exactly K points in each box Ag (j) 
for all j £ J e and none outside these boxes, that is, 

N Xl {A 5o (j)) = K foral\jeJ e and N Xl (R d \ A^) = 0. (4.26) 

By our choice of So and (|1.3[) we get 

V Xl (y) > K u- X A{y) > 2E oXA (y), (4.27) 

and hence, setting X2 = X \ X\, for all tx 2 £ [0, l] X2 we have 

H Xl ,(x 2 ,t X2 ),A > H XuA > 2E 0) (4.28) 

and $~2~ty follows. 

We now modify the argument in the proof of Proposition ^. 11 Let J7a denote the 
collection of all (B,B' ,S) £ Ja such that 

B\JB'US£J A , BUB'cA^, SnA( £ >=8; (4.29) 
N B (A 5o (j))> K for all j £ J e ; (4.30) 
N s (A 5o (j))>l for all j£,J\J e . (4.31) 
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If (B,B',S) e Ja, the density condition ([339]) for S in A follows from (l4~3Tj) . and 
it follows from (|4.30[) and (|4.25|) that Ca,b,b>,s is a (A, i?, m)-adapted bevent with 
m = §\/2fl for all E e [0, E ] if L > ~L\(u, E ). We conclude that 

^A= [J C k ,b,b-,s (4.32) 

(B,B',S)eJ A 

is a (A, E, m)-localizing event for all E 6 [0, i?o]. 

To establish (|3.57p , let o\ := hSo an d consider the event 

:= {Nx(A Sl (j)) > K for all jeJ}. (4.33) 

We have, using (|2.9p . 

> 1 - (^C^e"^? = 1 - C u , Eo>d L d e- c ^ > 1 - L^ 1 (4.34) 

for g > C d ,u,p,E logL if L > i 2 (w, Eo,d,p) _ 

Since <?o — <$i = 75^- > f° r ^ L^(u), for L > L^u, Eq, d,p) we must have 

ft A l} n ^i 0) C A , (4.35) 

and hence (|3~57)) follows from ((434)) and (|3~27|) for L > L (d,u,Eo,p) with £ > 
Cd,u, P ,E log£. □ 

5. The multiscale analysis with a Wegner estimate 
We can now state our version of |BK[ Proposition A'] for Poisson Hamiltonians. 

Proposition 5.1. Let Hx be a Poisson Hamiltonian on L 2 (IR d ) with density g > 0. 
Fix an energy Eq > 0. Pick p — |d— , pi — |— and ,02 = 0+, more precisely, pick 
Pi Pi: P2 swc/i i/iai 

rr < d^ < /°i < i p 2 = Pi 1 withni EN andp < d(<± - p 2 )- (5.1) 

Let E £ [0,Eq], and suppose L is (E, mo) -localizing for all L £ [Lq 1P2 , Lq 1 ], where 

m > L^ T ° with t = 0+ < p 2 , (5.2) 

the condition (|3.26[1 is satisfied at scale Lq 1P2 , and the scale Lo is also sufficiently 
large (depending on d, Eq,p, px, Pi^tq) . Then L is (E, ^) -localizing for all L > Lo 
(actually, for all L > Lq 1P2 ). 

The proof will require several lemmas and definitions. 

Lemma 5.2. Fix p' = p— and let Ag C A = Al with i <C L. If the scale I is 
(E,m) -localizing, then there exists a (A, A^, E,m) -localized event O^*, i.e., 

^=U C W< )Si ( 5 - 3 ) 
i=l 

/or some disjoint (A, A^, E,m)-adapted bevents {C^ e B , B , s .}i=i.2,...,i L e , such that 

¥{n^ e }>l-r p '. (5.4) 



LOCALIZATION FOR POISSON RANDOM SCHR.ODINGER OPERATORS 



19 



Proof. Given disjoint A^-bevents, the corresponding (A, A^)-bevents in (j3.54[) are 
also disjoint events. Since the scale £ is (E, m)-localizing, there is a (A?, E,m)- 
localized event D,^ e satisfying (|3.57p . From Lemma T3. 131 we get 

SlA«nl!f CSIJ', (5.5) 

where is as in (fOj) . The estimate (pT4|) then follows from |3~57)) and (|3~27| . □ 

Definition 5.3. Given scales i < L, a standard i-covering of a box Al(x) is a 
collection of boxes Ae of the form 

»£(.)=-tMr)} reC co , (5-6) 



where 



lf L(x) := {x + a£Z d } n A L (x) with a e]§, f] n n £ N}. (5.7) 



Lemma 5.4. //^ <C L there is always a standard l-covering Q\j l i x ^ of a box A^{x), 
and we have 

A L {x)= |J A e (r), (5.8) 



r€G<" , . 



/or eac/i y 6 Aj,(:r) mere is r £ G\ y . , u>im A2*(y) D A^(x) C AAr), (5-9) 
A«(r)nA f (r') = « z/ r ^ /, (5.10) 

5 

#<l ix) <mr<(f) d . (5.ii) 

Moreover we have the following nesting property: Given y £ x + a£Z d and n £ N 
smc/i mai A(2 na +iv(y) C A, follows that 

A(2na+l)^(y) = IJ Mr), ( 5 - 12 ) 

re{a;+Q£Z d }nA (2 „ a + 1)( ,(iy) 

and {A^(r)} re { x+aa d}nA (2nc , +1)4 (j/) is a standard i-covering of the box A( 2na +X)t{y) ■ 

Proof. The lemma can be easily checked using (|5 . T[) . In particular, a > | ensures 
(|5.9p . a < | ensures (|5.10p . and the existence of n £ N such that 2ncrf = L — £ 
ensures the nesting property (|5.8p . □ 

In the following we fix E £ [0,E ], assume (|5.ip . and set A = Aj,, £\ = L Pl , 
and ii = L P2 . We also assume the induction hypotheses: for each box A^ C A 
with £ £ [£2,^1] there is a (A^ , E, mo)-localized event il\ e with (|3.57p , and hence 
it follows from Lemma [5.21 that there is a (A, Ae, E, mo)Tocalized event Q A * with 
(|5.4p . and we have (|5.2p with mo and L. 



Remark 5.5. The rate of decay m in (|3.9p . which by hypothesis is mo as in (|5.2p 

for all scales L £ [Lq 1P2 , Lq 1 ], will vary along the multiscale analysis, i.e., the 
construction gives a rate of decay at scale L. The control of this variation can 
be done as usual, as commented in |BK] (but we need a condition like (|5.2p ), so we 
always have > ^ , e.g., |DrK| [FK, GK1. K1]J. We will ignore this variation 
as in [BK and simply write m for mj. We will omit m from the notation in the 
rest of this section. The exponent 1— in (|3.8p does not vary. 

We now define an event that incorporates |BK| property (*)]. 
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Definition 5.6. Given a box A^ l; for each n = 0,1,..., n\ let L n =: t 9 ^ (note 
Lq = l\, L ni = £ 2 ), and let lZ n = {Ar ln (r)} re R n be a standard L n -covering of Ai x 
as in (15. 6|) . For a given number K2, a configuration set X is said to be (A^,!?)- 
notsobad if there is Tb = ^reR' n A-3^ 2 ( r )> where R' ni C wit/i ffR' ni < 
smc/i i/iai /or a/Z 2 € A^ x \ there is an (X, E)-jgood box A^ ii (r) 7 with r G R n 
for some n G {1, . . . ,ni} and A(x, H A^ C A L „(r). 1/ A^ C A, a (A, A^)- 
bconfset C A e B or bevent C AB B , is (A, A^, E)-notsobad if the configuration set B 
is (A^ 15 E)-notsobad. 

Lemma 5.7. For sufficiently large K2, depending only on d,p, p\,n\, for all boxes 
A^j C A 7 with £\ large enough, there exist disjoint (A, A^, E)-notsobad bevents 

{C h,B m ,Bi m }m=iL---,M such that 

M 

P{<- W }>1-^ M mth Q A A eiM = U C t% m ,BL' ( 5 - 13 ) 
and hence 



(5.15) 



^.(A) :=n ^,W xn ^ = LJ C ^ F ,, (5.14) 

where {C^F F'}g=l>2,...,<2 are disjoint (A, A^, E)-notsobad bevents. 
Proof. Given A^ n _ 1 (r) G 7£ n _i, we set 

ft n (r) := {A L „(s) G ft n ; A L „(s) n A^.^r) ^ 0} and 

i?„(r) := {s G ft„; A L „(«) e 72n(r)}. 

We have A L „_ x (r) C U sefl „( r ) A in (s) and, similarly to (EH]), #F„(r) < (^j 2 ^-)^ 
Fix a number K', and define the event Q^ 1 '^*^ as consisting of cj € fi such that, 

for all n = 1, . . . , n\ and all r G R n -i, we have w G f^" L ™ < ' s ' ) for all s G F„(r), with 
the possible exception of at most K' disjoint boxes Ai n (s) with s G R n (r). The 
probability of its complementary event can be estimated from (|5.4p as in |BK[ Eq. 
(6.12)]: 

p{n\nJJ} < ]T(^) d (^)*' d L-*'*' (5 . 16) 

n=l 

<- 2d3^'d ni £-Pr i ~ 1 ( A: '(Pi(p'+'i)-'i)+<i)+<i < ^-6d 

which holds for all large l\ after choosing K 1 sufficiently large using (|5.1j) . 

Given G Q*^ 1 ' *' , then for each rt = 1, ...,n.i and r G R n -i we can find 
si, S2, . . • , sk" G R n {r), with if" < AT' — 1, such that G £l^ I '' l< ' S ' ) if s G F„( r ) and 
s £ UjLi ^3L„(sj)- (Here we need boxes of side 3L n because we only ruled out the 
existence of K' disjoint boxes of side L n .) Since each box A3L n (sj) is contained in 

the union of at most C" boxes in lZ n , we conclude that for each ui G Q^* 1 ' there 
are h,t 2 , . . . , t K ;, G R ni , with K'" < K 2 = (C" \K' - l))" 1 , such that , setting 
T = \jf j=1 A 3 ^ 2 (^), for all x G A^\T we have lo G Sl^ 1 " 1 ^ for some n = 1,2, . . . ,rii 
and s G R n , with and A(x, 2|a) n C A Ln (s). 
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Recalling (13.461) . we have 

A/. A«, Art, ,{*') 

It follows from Lemma 13.61 that each Ca,f,f' i n the disjoint union must be a 
(A, Ait , £)-notsobad bevcnt. Thus ([5T3]) follows from (f5TTB|> and ([3~27]) . We obtain 
([5T4]) from ([5T3]) and lpL56|) . □ 

Definition 5.8. Let 1Z — {Ai 1 (r)} r £R be a standard i\-covering of A and fix 
K\ G N. A A-bevent C\_b,B'.s, is called (A, E) -prepared if S satisfies the density 
condition 

#(S n A t ) > t d ~ ', for all boxes A ( cA with l x < i < L, (5.18) 

and there is R' C R with fj={R \ R') < K\, such that if r £ R' then f/s' s * s a 

(A, Ai t (r), E) -adapted bevent, and if r G R \ R' then S n A^ (r) = and C^'i? B' * s 
a (A, A^ 1 (r), E)-notsobad bevent. 

Lemma 5.9. LetlZ = {A£ 1 (r)} r6 fl oe a standard t\- covering of A. For sufficiently 
large K\, depending only on d,p,pi,ni, if L is taken large enough, there exist 
disjoint (A, E) -prepared bevents {CA,B m ,B' m ,s m }m=i,2,...,M A , such that 

m a 

P{n^} > 1 - 2L- 2d , with Q« = □ C A , Bm ,B> m ,s m - (5.19) 

m— 1 

Proof. Fix K\, recall (15. 3p and 15. 14[) . and define the event Sl^ by the disjoint 
union 

flj^ := |J ^(i?), where 
#(R\R')<Ki 

(5.20) 



^ i3 w={n< (r) }n n n 

IrGi?' J I r£R\R' 



A fl (0:(*\) 

A 



Using the probability estimates in (|5.3p and ()5.13|) , and taking sufficiently large 
(independently of the scale), we get 

f{n i l ) }>l-2L- 2d . (5.21) 

This can be seen as follows. First, from (|5. 13[) and (|5.14[) we have 

P{<i (r) U > p{n^ (r)lW } > 1 - L~ 5pid , (5.22) 

and hence 

d 



nK i(r, u< iH(A) })>i-g) 

> 1 - 2 d L- {6pi - 1)d > 1 - L- 2d \ 



— bpid 



(5.23) 
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for large L, using also (|5.1|) . On the other hand, letting K\ — C'(K' — 1), it follows 
from (OH and (IO) that 



P ( there are X' disjoint boxes A £l (r) S 7?. with w 4. fl^' 1 ^ \ 

1 J (5.24) 

< t2L_\d K '^p' K ' < 2 dK ' L~ K '^ Pl ( p ' +d " l ~ d ^ < L~ 2d 

if Ki > Pl (^f'+d)-d an< ^ L * s l ar S e enough. Here C is chosen such that the 
complementary has at most K\ (not necessarily disjoint) boxes (r) € 7?. with 
u) (f. n^ l(r) . The estimate (15T2"Tj) follows from (pT2"3) and ([ST24]) . 

Moreover, it follows from (|5 .3[) and (|5.14|) that each fl^(iZ') is a disjoint union 
of (non-empty) events of the form 

IreR' J [rG-R\i?' J 

where C^^^, s is a (A, A^ (r), _E)-adapted bevent for each r e R', and Caf^f' 
is a (A, A £l , i?)-notsobad bevent for each r e R\R'. 

It remains to show that T>r> can be written as a disjoint union of (A, i?)-prepared 
bevents. To do so let, as in [BKJ, let 

Ssf := {s € Ja; s e A £l (r) => r e R' and s € S r }. (5.26) 

Since ([STTOjl yields 

U S r nAi(r)cS ff , (5.27) 

and i?') < i^i, it follows as in |BK[ Eq. (6.18)] that Sri satisfies the density 

condition (|5.18p in A. It follows from (|3.48p and (|5.26p that we can rewrite the 
event Dr/ in (|5.25p as a disjoint union 

V R . = \_\C K , Aj , A , t s Rl , (5.28) 
jeJ 

where {CA,Aj,A'.,s R ,}jeJ are (A, i?)-prepared bevents. □ 
We can now prove a Wegner estimate at scale L using [BK, Lemma 5.1']. 



Lemma 5.10. Let Ca,b,B' ,s be a (A, E) -prepared bevent, and consider a box A^ Q C 
A with Lq = (2na+l)^i for some n € N , i\ <C L$ < L, such that Al is constructed 
as in (|5.12|) from a standard i\-covering of A. Then, for sufficiently large L there 
exist disjoint subsets {Si}i=i.2,...j of Sq S D Aq, such that 

\\RBu Si ,A Lo (E)\\ <e Clifpilogi , for all i = 1,2, . . . ,1, (5.29) 
and we have the conditional probability estimate 

n ^A,B,B', S \ Ca,B,B>, S } > 1 ~ C 2 L- d ^-^+, With 

A . 7 . (5- 3 °) 

^A°,B,B',S - |_| C A,BUSi,B'U(S \Si),S\S , 
i=l 

where the constants C\,Ci do not depend on the scale L. In particular, we get 

P j jpx,A(£)|| < e ClL§PllogL | nOi 0) | > 1-L-p. (5.31) 
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Proof. Let Ca,b,B',s be a (A, i?)-prepared cylinder event, consider Al C A as 
above, and set -Bo = B n Al , B' = B' n A_l , and Sq = S C\ Al . Let 

H eSo ■= H B>iS ,e s ),A Lo = H Bot(So ,e So ),A Lo = ~&A Lo + V Bo + e '( u M x - s), 

s£S 

(5.32) 

where £s = {£ s }seS are independent Bernoulli random variables, with P £Sq denot- 
ing the corresponding probability measure. All the hypotheses of 1BK, Lemma 5.1'] 
are satisfied by the random operator H(es ) in the box Al . In particular it follows 
from the density condition (|5.18|) that So is a collection of "free sites " satisfying 
the condition in |BK| Eq. (5.29)] inside the box Al . (The fact that we have a 
configuration Bo U B' Q U Sq C Ja instead of a subconfiguration of Z d is not impor- 
tant; only the density condition |BK[ Eq. (5.29)] and the fact that Ca,Bo.b' ,s ^ s 
(Aj, , -E)-prepared matter, the specific location of the single-site potentials plays no 
role in the analysis.) 

Thus it follows from |BK[ Lemma 5.1'] that (L large) 

R eSo (E)\\ < e Cl ^ log£l | > 1-C 2 ^r* + , (5-33) 

where the constants C\, C 2 do not depend on the scale L. In other words, there is 
a subset Q C {0, 1} S ° such that 



>{e So e Q} > 1 - C 2 £ d 2 £ 1 2 , and 



Rbux(s ,e So ),a Lo (E~) 



<e c 1 £fio g e 1 forall £So g q 



(5.34) 



We now conclude from (|5.34[) . recalling the definitions of l\ and £ 2 , that there 
exist disjoint A-bev ents {£yVBuS i ,B'u(s \S 1 ),s\5 }i=i,2,...,/, with each Sj C S , such 
that we have and P^]) - 

Since the event fi^ in (15. 19[) is a disjoint union of such (A, i?)-prepared bevents, 
we have, using also Lemma 13.31 as in the derivation of (|3.3ip (and changing G\ 
slightly), that 

p{{||#x,a(£)|| <e CiLfpilo ^|n< ) n£>} >i-c 2 L- d ^-^+, (5.35) 

and hence, using the probability estimate in (|5.19p . we have 

p||Px.a(^)|| <e 2Clifpil °s i |nr!i 1) | > l-2C 2 L- d ^-P^+. (5.36) 

The desired (|QT]) follows using (|5~Tj) . □ 

We are now ready to finish the proof of Proposition 15.11 

Proof of Provosition \5.1[ Fix E £ [0,Eo\. It suffices to prove that if L' is E- 
localizing for all L' 6 [L P2 ,L Pl ] = [£ 2 ,£i], and the scale L is sufficiently large, then 
L is ^-localizing. 

Let Ca,b,b',s be a (A, i5)-prepared bevent, so there is Rl C Rq with #(i?o \ 
R r ) < Ki, such that if r € R' then C^i/s' s is a (A, A^ (r), i?)-adapted bevent, 
and if r G Ro \ R' then 5 n A (l (r) = and C^', is a (A, A fl (r), _E)-notsobad 
bevent. Recalling (|5.12[) , we pick no G N such that £o : = (2rioa + 1)£\ ~ 
By geometrical considerations, we can find boxes A") = A( 2m . noQ +i)f 1 (s.,) C A, 
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j = 1, 2, . . . , J, where J < K\, with mj £ {1, 2, ... , 2K{\ and Sj € for each 

j = 1,2, . . ., J, such that dist(AO'), AV">) > £ if j ^ f, and for each r e R \R' 
there is j r S {1, 2, . . . , J} such that A£o (r)nAc A^). 

Since each A"' is of the form given in (|5. 12|) . we can apply Lemma 15.101 to 
each A^K Since the AO') are disjoint, we can use independence of events based in 
different A^J's, and we may apply Lemma [5.101 (or its proof) to all A"). Setting 
So = Uj=i S n A- an( i S ~ S \ So, we conclude that there exist disjoint subsets 
{S q } q= i,2,...,Q of Sq, such that for each q = 1, 2, . . . , Q and all t§ e [0, l] s we have 

RBus q ,(s,t s) Mn(E)\\ <e ClLfpil °^, forall j = l,2...,J, (5.37) 
and we have the conditional probability estimate 

HMa,b,bi,s\Ca,b,b>,s} >l-2K 1 C 2 L- d ^-P^+ with 

I 9 , (5-38) 

^K,B,B',S = |_J ^A,BUS q ,B>U(S \S q ),S- 
i=q 

By construction, each configuration in C A BuS g satisfies the hypotheses of |BK[ 
Lemma 2.14] (see also |BK1 (2.22) and (2.23)]), and hence, recalling also (|5.ip . we 
can conclude that C ABuS § is a (A,i?)-good bconfset. Since it is clear that S 
satisfies the density condition (|3.39|) in A, each C A BuSq B'u(s a \s q ) s ^ a C^-j 
adapted bevent. 

Recalling Lemma [5.91 and the event fl A in (|5.19p . we conclude the existence 
of disjoint (A, i?)-adapted bevents {C Ai Bi,B',Si}i=i,2,...,i, and hence of the (A,E)- 
localized event 

Ha = \JC A , Bi , B . tSi , (5.39) 

such that 

P{n A |fiA ) } > 1 ~ 2K 1 C 2 L- d ^- p2)+ . (5.40) 
Using the probability estimate in (|5.19|) and (|5.ip . we get that 

P{^a} > 1 - L~ p , (5.41) 

and hence the scale L is ^-localizing. 

Proposition 15. II is proven. □ 

6. The proofs of Theorems 11.11 and 11.21 

In view of Propositions 14.11 14.31 and 15.11 Theorems 11.11 and 11.21 are a conse- 
quence of the following proposition, whose hypothesis follows from the conclusion 
of Proposition \5A\ We recall Definition 13.161 

Proposition 6.1. Fix p = §<i— and an energy Eq > 0, and suppose there is a scale 
Lo and m > such that L is {E, m) -jlocalizing for all L > Lq and E £ [0, Eq] . Then 
the following holds P-a.e.: The operator iJx has pure point spectrum in [0, Eq] with 
exponentially localized eigen] 'unctions (exponential localization) with rate of decay 
Y, i-e., if 4> is an eigenfunction of Hx. with eigenvalue E £ [0,-Eo] we have 

Hx^ll <Cx,^-?l l l forallxeR d . (6.1) 
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Moreover, there exist r > 1 and s £]0, 1[ such that for eigenf unctions ip, (/) (possibly 
equal) with the same eigenvalue E € [0, Eq] we have 

\\Xx4\U\XvH ^CxIlT-Vllllr-Vlle^^e-l^l 3 , for all x,y e Z d . (6.2) 

In particular, the eigenvalues of i?x in [0, i?o] have finite multiplicity, and Hx. 
exhibits dynamical localization in [0, Eq], that is, for any p > we have 

sup\\(x)Pe' itH -x [0 ,E ]( H ^o\\ 2 2 < oo. (6.3) 

Proof. The fact that the hypothesis of Proposition 16.11 imply exponential local- 
ization in the interval [0, Eq] is proved in [BKi Section 7]. Although their proof 
is written for the Bernoulli- Anderson Hamiltonian, it also applies to the Poisson 
Hamiltonian by proceeding as in the proof of Proposition l5.1l When BK, Section 7] 
states that a box A is good at energy E, we should interpret it as the occurrence of 
the (A, E, m)-jlocalized event Da as in ()3.58p . with probability satisfying the esti- 
mate (|3.59[) , whose existence is guaranteed by the hypothesis of Proposition ^. 1 1 We 
should rewrite such an event as in Lemma 15.21 when necessary, with p' = §d— < p. 
With these modifications, plus the use of Lemmas 13.61 and 13.81 when necessary, the 
analysis of |BK| Section 7] yields exponential localization for Poisson Hamiltonians. 

The decay of eigenfunction correlations given in (|6.2|) follows for the Bernoulli- 
Anderson Hamiltonian from a careful analysis of [BK, Section 7] given in GK5J, 
and hence it also holds for the Poisson Hamiltonian by the same considerations as 
above. Finite multiplicity and dynamical localization then follow as in |GK5| . □ 

Acknowledgement. Frangois Germinet thanks the hospitality of the University 
of California, Irvine, and of the University of Kentucky, where this work began. 

References 

[AENSS] Aizenman, M., Elgart, A., Naboko, S., Schenker, J., Stolz, G.: Moment analysis for 
localization in random Schrodinger operators. Inv. Math. 163, 343-413 (2006) 

[B] Bourgain, J.: On localization for lattice Schrodinger operators involving Bernoulli vari- 

ables. Geometric aspects of functional analysis. Lecture Notes in Math. 1850, 77-99. 
Berlin: Springer, 2004 

[BK] Bourgain, J., Kenig, C: On localization in the continuous Anderson-Bernoulli model 

in higher dimension, Invent. Math. 161, 389-426 (2005) 
[CKM] Carmona, R., Klein, A., Martinelli, F.: Anderson localization for Bernoulli and other 

singular potentials. Commun. Math. Phys. 108, 41-66 (1987) 
[CL] Carmona, R, Lacroix, J.: Spectral theory of random Schrodinger operators. Boston: 

Birkhauser, 1990 

[CoH] Combes, J.M., Hislop, P.D.: Localization for some continuous, random Hamiltonians 

in d-dimension. J. Funct. Anal. 124, 149-180 (1994) 
[CoHK] Combes, J.M., Hislop, P.D., Klopp, F.: Holder continuity of the integrated density of 

states for some random operators at all energies. IMRN 4, 179-209 (2003) 
[CoHKN] Combes, J.M., Hislop, P.D., Klopp, F. Nakamura, S.: The Wegner estimate and the 

integrated density of states for some random operators. Spectral and inverse spectral 

theory (Goa, 2000), Proc. Indian Acad. Sci. Math. Sci. 112 , 31-53 (2002) 
[CoHM] Combes, J.M., Hislop, P.D., Mourre, E.: Spectral averaging, perturbation of singular 

spectra, and localization. Trans. Amer. Math. Soc. 348, 4883-4894 (1996) 
[CoHN] Combes, J.M., Hislop, P.D., Nakamura, S.: The L p -theory of the spectral shift function, 

the Wegner estimate and the integrated density of states for some random operators. 

Commun. Math. Phys. 218, 113-130 (2001) 
[DV] Donsker, M., Varadhan, S.R.S.: Asymptotics for the Wiener sausage. Comm. Pure 

Appl. Math. 28, 525-565 (1975) 



26 FRANQOIS GERMINET, PETER D. HISLOP, AND ABEL KLEIN 

[DrK] von Drcifus, H., Klein, A.: A new proof of localization in the Anderson tight binding 
model. Commun. Math. Phys. 124, 285-299 (1989) 

[FK] Figotin, A., Klein, A.: Localization of classical waves I: Acoustic waves. Commun. 

Math. Phys. 180, 439-482 (1996) 

[FiLM] Fischer, W., Leschke, H., Miiller, P.: Spectral localization by Gaussian random poten- 
tials in multi-dimensional continuous space. J. Stat. Phys. 101, 935-985 (2000) 

[FrMSS] Frohlich, J.: Martinelli, F., Scoppola, E., Spencer, T.: Constructive proof of localiza- 
tion in the Anderson tight binding model. Commun. Math. Phys. 101, 21-46 (1985) 

[FrS] Frohlich, J., Spencer, T.: Absence of diffusion with Anderson tight binding model for 

large disorder or low energy. Commun. Math. Phys. 88, 151-184 (1983) 

[GHK1] Gcrminet, F., Hislop, P., Klein, A.: Localization for the Schrodinger operator with a 
Poisson random potential. C.R. Acad. Sci. Paris Ser. I 341, 525-528 (2005) 

[GHK2] Germinet, F., Hislop, P., Klein, A.: Localization at low energies for attractive Poisson 
random Schrodinger operators. CRM Proceedings & Lecture Notes. To appear 

[GK1] Gcrminet, F., Klein, A.: Bootstrap Multiscalc Analysis and Localization in Random 
Media. Commun. Math. Phys. 222, 415-448 (2001) 

[GK2] Germinet, F, Klein, A.: Operator kernel estimates for functions of generalized 
Schrodinger operators. Proc. Amcr. Math. Soc. 131, 911-920 (2003) 

[GK3] Gcrminet, F., Klein, A.: Explicit finite volume criteria for localization in random media 
and applications. Gcom. Funct. Anal. 13, 1201-1238 (2003) 

[GK4] Germinet, F., Klein, A.: New characterizations of the region of complete localization 
for random Schrodinger operators. J. Stat. Phys. 122, 73-94 (2006) 

[GK5] Gcrminet, F., Klein, A.: In preparation 

[HM] Holden, H., Martinelli, F.: On absence of diffusion near the bottom of the spectrum 

for a random Schrodinger operator. Commun. Math. Phys. 93, 197-217 (1984) 

[K] Kingman, J.F.C.: Poisson processes. New York: The Clarendon Press Oxford Univer- 

sity Press, 1993 

[Ki] Kirsch, W.: Wegner estimates and Anderson localization for alloy-type potentials. 

Math. Z. 221, 507-512 (1996) 
[KiM] Kirsch, W., Martinelli, F.: On the ergodic properties of the spectrum of general random 

operators. J. Reine Angew. Math. 334, 141-156 (1982) 
[KiSS] Kirsch, W., Stollmann, P., Stolz, G.: Localization for random perturbations of periodic 

Schrodinger operators. Random Opcr. Stochastic Equations 6, 241-268 (1998) 
[Kl] Klein, A.: Multiscale analysis and localization of random operators. In Random 

Schrodinger operators: methods, results, and perspectives. Panorama & Synthese, 

Societe Mathematique de France. To appear 
[Klol] Klopp, F.: Localization for semiclassical continuous random Schrodinger operators. II. 

The random displacement model. Helv. Phys. Acta 66, 810-841 (1993) 
[Klo2] Klopp, F.: Localization for continuous random Schrodinger operators. Commun. Math. 

Phys. 167, 553-569 (1995) 
[Klo3] Klopp F.: A low concentration asymptotic expansion for the density of states of a ran- 
dom Schrodinger operator with Poisson disorder. J. Funct. Anal. 145 267-295 (1997) 
[Klo4] Klopp F.: Weak disorder localization and Lifshitz tails: continuous Hamiltonians. Ann. 

I.H.P. 3, 711-737 (2002) 

[KloP] Klopp, F., Pastur, L.: Lifshitz tails for random Schrodinger operators with negative 

singular Poisson potential. Comm. Math. Phys. 206, 57-103 (1999) 
[LMW] Leschke, H., Miiller, P., Warzel, S.: A survey of rigorous results on random Schrodinger 

operators for amorphous solids. Markov Process. Related Fields 9, 729-760 (2003) 
[LiGP] Lifshits, I.M., Gredcskul, A.G., Pastur, L.A.: Introduction to the Theory of Disordered 

Systems. New York: Wiley-Interscience, 1988 
[MS] Martinelli, F., Scoppola, E.: Introduction to the mathematical theory of Anderson 

localization. Riv. Nuovo Cimento 10, 1-90 (1987) 
[PF] Pastur, L., Figotin, A.: Spectra of Random and Almost- Periodic Operators. Heidelberg: 

Springer- Verlag, 1992 

[R] Reiss, R.-D.: A course on point processes. New York: Springer- Verlag, 1993 

[Ro] Robbins, H.: A remark on Stirling's formula. Amcr. Math. Monthly 62 , 26-29 (1955) 

[S] Simon, B.: Schrodinger semi-groups. Bull. Amcr. Math. Soc. 7, 447-526 (1982) 



LOCALIZATION FOR POISSON RANDOM SCHRODINGER OPERATORS 



27 



[SW] Simon, B., Wolff, T.: Singular continuum spectrum under rank one perturbations and 

localization for random Hamiltonians. Commun. Pure. Appl. Math. 39, 75-90 (1986) 

[Sp] Spencer, T.: Localization for random and quasipcriodic potentials. J. Stat. Phys. 51, 

1009-1019 (1988) 

[Stl] Stollmann, P.: Lifshitz asymptotics via linear coupling of disorder. Math. Phys. Anal. 

Geom. 2, 279-289 (1999) 
[St2] Stollmann, P.: Wegner estimates and localization for continuum Anderson models with 

some singular distributions. Arch. Math. (Basel) 75, 307-311 (2000) 
[Sto] Stolz, G.: Localization for random Schrodinger operators with Poisson potential. Ann. 

Inst. H. Poincare Phys. Thcor. 63 , 297-314 (1995) 
[Sz] Sznitman, A.-S.: Brownian motion, obstacles and random media. Berlin: Springer- 

Verlag, 1998 

[U] Ueki, N.: Wegner estimates and localization for Gaussian random potentials. Publ. 

Res. Inst. Math. Sci. 40, 29-90 (2004) 

Laboratoire AGM, CNRS UMR 8088, Departement de Mathematiques, Universite de 
Cergy-Pontoise, Site de Saint-Martin, 2 avenue Adolphe Chauvin, 95302 Cergy-Pontoise 
cedex, France 

E-mail address: germinet@math.u-cergy.fr 

Department of Mathematics, University of Kentucky, Lexington, KY 40506-0027, 
USA 

E-mail address: hislop<3ms.uky.edu 

University of California, Irvine, Department of Mathematics, Irvine, CA 92697-3875, 
USA 

E-mail address: aklein(Suci.edu 



